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We uncover a topological classification applicable to open fermionic systems governed by a general
class of Lindblad master equations. These ‘quadratic Lindbladians’ can be captured by a non-
Hermitian single-particle matrix which describes internal dynamics as well as system-environment
coupling. We show that this matrix must belong to one of ten non-Hermitian Bernard-LeClair
symmetry classes which reduce to the Altland-Zirnbauer classes in the closed limit. The Lindblad
spectrum admits a topological classification, which we show results in gapless edge excitations with
finite lifetimes. Unlike previous studies of purely Hamiltonian or purely dissipative evolution, these
topological edge modes are unconnected to the form of the steady state. We provide one-dimensional
examples where the addition of dissipators can either preserve or destroy the closed classification of
a model, highlighting the sensitivity of topological properties to details of the system-environment
coupling.
Introduction.— Topological band theory was devel-
oped to predict and explain robust features in the
electronic structure of insulators and superconductors
close to their ground states [1, 2]. While these ideas
have already found fundamental applications in quantum
metrology [3] and quantum computation [4], there has
been a recent effort to understand the role of topology
in the dynamics of many-body systems in highly non-
equilibrium environments [5–12].
A growing body of literature has been dedicated to
studying topological aspects of “non-Hermitian Hamil-
tonians,” which generate non-unitary time evolution in
certain dissipative classical and quantum settings [13–
16]. While this versatile approach applies in various lim-
its, it is insufficient to describe the full time evolution
of a generic open quantum many-body system coupled
to a bath. An open system is described by a (possibly
mixed) density matrix ρ which propagates irreversibly
due to dissipative coupling with its environment. For
suitably generic baths, ρ is governed by the Liouville
equation: iρ˙ = L(ρ), where L is the “Lindbladian” – a
non-Hermitian superoperator that acts linearly on ρ(t).
While calculating the complex spectrum of the Lindbla-
dian can always be viewed as a non-Hermitian eigenvalue
problem, L possesses an inherent structure which further
constrains the topological signatures of open systems.
In this paper, we show that there exists a robust topo-
logical classification of the full complex spectrum of the
Lindbladian, L, for the case of a Markovian bath with
linear fermionic dissipators. In this case, the Lindblad
spectral problem reduces to solving for the eigenvalues of
a non-Hermitian quadratic Fermi operator [17, 18]. An
understanding of the symmetry properties of this opera-
tor allows us to compute the set of topologically distinct
Lindblad spectra, which exhibit properties that are stable
against continuous deformations. Surprisingly, we find
that our classification – which applies in the presence of
both dissipation and coherent internal dynamics – differs
qualitatively from the two limiting cases that have previ-
ously been much studied, of purely Hamiltonian systems
(Hermitian Lindbladian) [1, 2] and of purely dissipative
systems (anti-Hermitian Lindbladian) [19, 20].
As in closed systems, the topological classification has
consequences for dynamics near the system boundary.
We show that a topologically non-trivial Lindbladian
possesses robust edge modes whose phase-oscillation fre-
quencies are pinned to lie in the energy gap, but which
generically pick up finite lifetimes (See Fig. 1). (These
edge modes will appear in spectroscopic measurements as
broadened peaks within the bulk gap.) However, we find
that, unlike previous classifications for purely Hamilto-
nian or purely dissipative systems, properties of the spec-
trum and steady state are completely independent: The
existence of spectral edge modes implies nothing about
the steady state density operator. For example, these
universal topological properties of the complex excita-
tion spectrum – which have direct physical consequences
in spectroscopy – are unconnected to the classification of
steady-state density matrices employed in Refs. [20–23].
Our work highlights the various manifestations of band
topology in a very general class of exactly solvable open
systems, and provides formalisms which can be applied
to understand generic interacting systems in future work.
Quadratic Lindbladians.— Before discussing topologi-
cal edge modes in an open environment, we describe the
general setup considered in this work. Our starting point
is the Lindblad master equation
i
dρ
dt
= L(ρ) = [H, ρ] + i
∑
µ
(
2LµρL
†
µ − {L†µLµ, ρ}
)
(1)
which describes non-unitary time evolution of a den-
sity matrix ρ subject to unitary dynamics generated by
a Hamiltonian H and dissipation due to operators Lµ
which can add and/or remove particles via a Marko-
vian environment [24]. Typically there exists a unique
steady state which is an eigenstate of the superoperator
L with zero eigenvalue; all other eigenstates have com-
plex eigenvalues whose imaginary part is negative, indi-
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2cating a decaying amplitude as a function of time. Note
that we have multiplied the typical definition of L by i
such that the master equation resembles a non-Hermitian
Schro¨dinger equation: Real parts of eigenvalues (called
energies) indicate phase oscillation frequencies of eigen-
states, while negative imaginary parts correspond to the
decay rate.
For a system of N fermions, one can always solve for
the spectrum λ of the Lindbladian by projecting onto
some basis ρ =
∑
i,j ρi,j |φi〉 〈φj |, which has dimension
2N × 2N = 22N . Exact diagonalization of the resulting
square matrix is numerically expensive, since the basis
grows exponentially with the number of particles. How-
ever, further progress can be made if the Hamiltonian is
quadratic in Fermi operators, and the dissipators are lin-
ear – such systems we refer to as quadratic Lindbladians,
and are the subject of this work. In this case, Prosen
[17, 18] found that the spectrum of the Lindbladian can
be found by diagonalizing a non-Hermitian fermionic su-
perconductor with 2N particles in Bogoliubov-de Gennes
(BdG) form. The factor of 2 can be understood because
we assign a fermion to both “bra” and “ket” space. The
number of eigenstates is again 22N since each of the 2N
Bogoliubov quasiparticles can either be excited or not.
We briefly review this approach for N complex
fermions. The Hamiltonian and dissipators can be ex-
pressed in terms of 2N Majorana fermions
H =
2N∑
i,j=1
αiHi,jαj , Lµ =
2N∑
i=1
lµ,iαi, (2)
where H = H†, H = −HT . Majorana operators satisfy
the anticommutation relation {αi, αj} = 2δij . Define a
2N × 2N Hermitian matrix M = lT l∗. The Lindbla-
dian can then be represented as an operator acting on a
doubled Hilbert space spanned by 2N complex fermions
{cj}
L = 2 ( c† c )( −ZT Y
0 Z
)(
c
c†
)
(3)
where c = (c1, . . . , c2N ), Y = 2 Im[M ], Z = H + i Re[M ].
Due to this upper triangular form (3), one can now diag-
onalize the Lindbladian in terms of 2N quasiparticles
L = 4
2N∑
j=1
λj β¯
†
jβj (4)
where λj are the eigenvalues of the matrix −Z. Quasi-
particles obey generalized fermionic statistics: {β¯†i , βj} =
δi,j , {β¯†i , β¯†j} = {βi, βj} = 0. In the doubled
Hilbert space, the steady state is represented as a 22N -
dimensional vector that is annihilated by all quasiparti-
cles: βiρSS = 0. The states β¯
†
i ρSS represent eigenopera-
tors of L, propagating with complex energy 4λi.
Im[λj ]
Re[λj ]
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FIG. 1. Typical one-dimensional complex spectrum of (a)
closed Hermitian systems; (b) purely dissipative systems stud-
ied in Refs. [19, 20, 22]; and (c) generic quadratic Lindbladi-
ans studied in this work. Hermitian systems in a topolog-
ical phase possess in-gap states with zero eigenvalue (blue
dot), however the topology of purely dissipative systems is
not reflected in the Lindblad spectrum. On the other hand,
a quadratic Lindbladian which is gapped in the real direction
can possess robust zero-frequency edge modes (red dot).
The single-particle Lindblad spectrum {λ} satisfies two
generic conditions: (1) Im[λi] ≤ 0, since elements of the
density matrix can only decay (not amplify) as a function
of time, and (2) Eigenvalues must come in anti-complex-
conjugate pairs {λ} = {−λ∗} where the brackets indicate
the set of spectral eigenvalues; this ensures Hermiticity
of the density matrix at all times [25].
Non-Hermitian tenfold way.— In what follows, we will
be interested in studying the robust features of the com-
plex Lindblad spectrum associated with a topological in-
sulator or superconductor in the presence of general lin-
ear fermionic dissipation. We begin by addressing the
symmetries of the matrix whose eigenvalues determine
the spectrum of quadratic Lindbladians. From Eq. (3),
the upper triangular structure of the matrix implies that
the spectrum does not depend on Y , and hence it is fully
determined from the eigenvalues of the 2N -dimensional
square matrix Z = H + i Re[M ].
The Hamiltonian of non-interacting fermions can be
sorted into one of ten Altland-Zirnbauer [26] symmetry
classes based the the presence or absence of the following
three symmetries
TRS : H = UTH
∗U†T , UTU
∗
T = ±I (5a)
PHS : H = −UCH∗U†C , UCU∗C = ±I (5b)
chiral : H = −USHU†S , U2S = I, (5c)
where the matrices UT,C,S are all unitary. Physically,
these stem from time-reversal, particle-hole, and chiral
(sublattice) symmetry respectively. Our use of Majorana
fermions ensures that (5b) is automatically satisfied with
UC = I; however if charge is conserved then one can de-
couple particle and hole sectors, each of which separately
does not respect PHS. A topological classification of non-
interacting models based on these ten classes is called
3the tenfold way [27], and describes symmetry-protected
topological phases of free fermions.
We now ask whether Z can inherit these symmetries
once dissipators are introduced, i.e. M 6= 0, Z 6= Z†. If
TRS is imposed on Z in the form (5a), i.e. Z = UTZ
∗U†T ,
then we will find that a damping mode with eigenvalue
λ must be paired with a mode of eigenvalue λ∗ – this has
the same frequency Re[λ] but a negative damping rate
Im[λ], and is thus unphysical. Indeed Z cannot respect
any symmetry which associates a decaying mode with an
amplifying one. We find that there is a unique way to
extend the Hamiltonian symmetries (5) to Lindbladian
symmetries which does not suffer from this problem (see
Fig. 2), namely
TRS : Z = UTZ
TU†T , UTU
∗
T = ±I (6a)
PHS : Z = −UCZ∗U†C , UCU∗C = ±I (6b)
PAH : Z = −USZ†U†S , U2S = I. (6c)
Different combinations of these symmetries generate
ten Lindbladian symmetry classes which reduce to the
Altland-Zirnbauer classes in the absence of dissipation.
These constitute a subset of the 38 non-Hermitian
Bernard-LeClair symmetry classes [28]. Although the
new form of time-reversal symmetry appears unusual,
we show in the Supplementary Material [29] that this
symmetry arises naturally when the microscopic Hamil-
tonian of the system and environment as a whole respect
the Hermitian TRS (5a) (even though the system alone
propagates irreversably). Note also that pseudo-anti-
Hermiticity (PAH) generalizes chiral symmetry, i.e. it is
guaranteed if a model has TRS and PHS.
Recent studies have used Bernard-LeClair symme-
tries to construct a topological classification for non-
Hermitian models [14]. In this context, there exist dif-
ferent choices for defining a spectral gap – some range of
energy within which no bulk eigenvalues are present. The
positivity condition Im[λi] ≤ 0 again puts constraints on
these possibilities. If one chooses a point gap at the origin
(λi 6= 0), or an imaginary line gap (Im[λi] 6= 0), then the
eigenvalues of Z can be continuously deformed to a single
point without crossing these gaps, and so an analysis un-
der these conditions will not identify any robust spectral
properties. However, one can choose a real line gap con-
dition Re[λi] 6= 0, i.e. we insist that all bulk modes have
a finite oscillation frequency [Fig. 1(c)]. Note that this is
in stark contrast to the pure-dissipation case [19, 20, 22].
According to Ref. [14], the classification table for the
ten BL classes which stem from Eqs. (6) under a real
line gap is the same as that for the conventional tenfold
way, once the non-Hermitian symmetry classes are asso-
ciated with their corresponding Hermitian counterparts.
The relevant bulk topological indices can be calculated
for all the negative-frequency bands, and if their sum
is non-zero then we expect in-gap states to appear at
the system boundary, just as in Hermitian band theory.
✕
✓
FIG. 2. Hermitian time-reversal symmetry (left) must
be implemented using transposition rather than conjugation
once non-Hermitian dissipative terms are included (right).
(Z = H + i Re[M ])
Since the gap is chosen along the imaginary axis, an edge
mode of the Lindbladian will be pinned to zero frequency,
but generically will have a finite damping rate, since the
classification is only sensitive to Re[λi].
An intuitive picture is formed if one takes a topolog-
ically non-trivial system and gradually turns on dissi-
pators without closing the frequency gap. If this pro-
cedure is carried out whilst at all times respecting the
symmetries (6), then the topological classification of the
new open system is identical to its closed precursor. The
gapless edge modes of the Hermitian system will remain
constrained to lie in the gap, and acquire a finite lifetime.
Having uncovered the general symmetry-based topo-
logical classification of quadratic Lindbladians, we now
study concrete examples in one dimension. We demon-
strate that the addition of dissipators can either preserve
or destroy the equilibrium topological classification de-
pending on whether or not they respect the symmetries
of the subsystem model.
Dissipative Kitaev chain.— We begin with the Kitaev
chain [30] in the presence of local, linear dissipators. The
unitary evolution is generated via the Hamiltonian
HKit. = 2µ
∑
i
a†iai −∆
∑
i
(
a†iai+1 + a
†
ia
†
i+1 + h.c.
)
(7)
where ai represents a fermionic annihilation operator on
site i of a chain with N sites, µ,∆ ∈ R. We also con-
sider N − 1 dissipators which connect nearest-neighbor
sites: Lj = γ[(aj +a
†
j)− (aj+1−a†j+1)]. A variant of this
model has been studied previously [31]; however, we shall
emphasize the importance of the non-Hermitian Bernard-
LeClair symmetries which are responsible for the protec-
tion of gapless edge modes.
The Kitaev chain Hamiltonian falls into class BDI cor-
responding to a Z classification in 1D. In a Majorana ba-
sis, the first-quantized (matrix) Hamiltonian obeys the
symmetries: H = −H∗, H = τzH∗τz, H = −τzHτz
where τz = I ⊗ σz, and σz is the Pauli matrix. If we
turn on the dissipator strength γ 6= 0, then the dynam-
ics of the open system is determined from the Lindblad
spectrum, found explicitly by diagonalizing Z. Z inherits
the following symmetries: Z = −Z∗, Z = τzZT τz, Z =
−τzZ†τz. Indeed we find that such dissipators will keep
the model in the same symmetry class, and we expect
for edge modes to obey Re[λedge] = 0. For spinless
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FIG. 3. Lindblad spectrum for the Kitaev chain with linear,
nearest-neighbor dissipators, µ/∆ = 0.1, γ/∆ = 0.2. A single
edge mode exists on each side of the chain (red dots), and
is symmetry-protected to obey Re[λedge] = 0. Majorana edge
modes of the closed system can couple to fermionic dissipators
and hence acquire a finite lifetime Im[λedge] < 0.
fermions, any dissipator which can be written in the form:
Lµ = e
iφµ
∑
i(γµ,iai + γ¯µ,ia
†
i ), for φµ, γµ,i, γ¯µ,i ∈ R will
preserve the TRS condition (6a).
The numerical spectrum is plotted in Fig. 3. We no-
tice that indeed edge modes are constrained to obey
Re[λedge] = 0, while their imaginary energy gets nega-
tively gapped. Mathematically, this is due to pseudo-
anti-Hermiticity: Z = −τzZ†τz which implies λedge =
−λ∗edge [32]. We can also understand this behavior physi-
cally: The linear fermionic dissipators break fermion par-
ity conservation of the closed Kitaev chain, hence Ma-
jorana modes at a given edge can couple to the envi-
ronment and will acquire a finite lifetime (called quasi-
particle poisoning) [31, 33, 34]. If dissipators obeyed
fermion parity then we would expect the steady state
to retain its two-fold degeneracy due to decoupled parity
sectors. (This type of dissipation falls outside the scope
of quadratic Lindbladians.) Coupling to dissipators can-
not, however, perturb the frequency of edge mode phase
oscillations, since we have demonstrated that symmetries
protect these zero-frequency eigenstates of the Lindbla-
dian. Experimentally, this suggests that scanning tunnel-
ing microscopy measurements ought to observe a robust
(yet broadened) zero-bias conductance peak.
Dissipative SSH.— We show that dissipators can move
systems between symmetry classes by breaking a sym-
metry, in the same way that adding Hamiltonian terms
can move models between classes. We study the Su-
Schrieffer-Heeger (SSH) model [35], described by the
Hamiltonian
HSSH = v
∑
i
(a†i,Aai,B + h.c.) + w
∑
i
(a†i,Bai+1,A + h.c.)
(8)
where ai,A/B annihilates a fermion on site i of N , in sub-
lattice A/B. We choose 2N −1 nearest-neighbor dissipa-
tors: Lj,A = γ(aj,A+e
iθaj,B), Lj,B = γ(aj,B+e
iθaj+1,A).
The closed SSH model again falls into class BDI, since
its Hamiltonian in a Majorana basis satisfies the symme-
tries: H = −H∗, H = τzH∗τz, H = −τzHτz [36]. As
we start to turn on dissipation of this type, we find that
eigenvalue index
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FIG. 4. Lindblad spectrum for the SSH model with param-
eters: v/w = 0.2, γ/w = 0.8, θ = pi/4. The linear dissipators
break pseudo-anti-Hermiticity of the quadratic Lindbladian,
hence two edge modes per side of the chain (red dots) can
start to gap in energy. While the closed SSH model belongs
to class BDI, dissipators evolve it to the trivial Z2 sector of
non-Hermitian class D.
the system loses its TRS and chiral symmetry. The only
BL symmetry which remains is particle-hole: Z = −Z∗
which suggests that the model develops a Z2 classifica-
tion. However, a single edge mode of the SSH model is
composed of two Majorana modes, forcing the model into
the trivial sector of Z2. We therefore expect fragile edge
modes in this dissipative extension of SSH which is nu-
merically confirmed in Fig. 4. Two edge modes per side
of the chain will start to couple and acquire non-zero en-
ergy once dissipators are added. Linear dissipation can
therefore break symmetries of the closed model, imply-
ing that gapless edge modes are fragile against certain
dissipative channels.
Outlook.— An immediate question is whether gapless
edge modes can exist in the imaginary spectrum, which
would lead to robustly non-unique steady-state density
matrices. While certain studies [19, 20] have achieved
this via “topology by dissipation” where Hamiltonian
dynamics is fully switched off, such edge modes generi-
cally acquire a lifetime once Hamiltonian terms are added
back, implying that this effect is fragile against such local
perturbations. The existence of such a protected in-gap
state for free fermions would require bands which am-
plify and bands which decay, such that the edge mode
connects the two bulk bands. This scenario is forbidden,
since the imaginary Lindblad spectrum is constrained to
be non-positive.
The topological signatures uncovered in this work are
properties of the Lindblad spectrum, and therefore do
not characterize the many-body steady state density ma-
trix. While previous studies have focused on generalizing
ideas from ground state topology of a wavefunction to
that of a steady-state density matrix, our work points to
topological signatures in the dynamics of an open many-
body system as it approaches the steady state. Indeed
we can show that topological invariants associated with
the steady state are independent of the classification un-
covered in this work: In the Supplementary Material
[29], we demonstrate that any quadratic Lindbladian can
be smoothly deformed such that its excitation spectrum
5(as determined by Z) remains constant while its steady-
state evolves to the infinite-temperature density matrix
(i.e. the identity). This shows that the topology associ-
ated with Z is independent of any non-trivial topology
associated with the steady-state density matrix.
While we have limited our discussion to the case of
“quadratic Lindbladians,” we expect the topological edge
modes described in this work to survive beyond this limit
as non-Hermitian analogues of interacting symmetry-
protected topological phases. For example, a quadratic
Lindbladian respecting only PHS represents a dissipative
topological superconductor, which will still be protected
by fermion parity symmetry (as well as the Hermiticity-
preserving nature of the Lindbladian) when solvability is
broken. Such non-integrable systems include those with
quadratic dissipators Lµ ∼ aiaj , which can possess differ-
ent symmetry properties to those accessible with linear
dissipators, e.g. Lµ could conserve the charge in the sys-
tem.
In summary, we have discovered a topological classi-
fication which constrains the dynamics of open femionic
systems described by a Lindblad master equation. Specif-
ically, we have demonstrated that the addition of
symmetry-preserving dissipators will ensure that edge
modes of the Lindbladian have phase oscillations which
are pinned to lie in the frequency gap, but will generically
acquire a non-zero lifetime. We provided examples where
this behavior occurs in canonical one-dimensional mod-
els. Our work develops a framework to systematically
understand the protection of topological edge modes in
the presence of both dissipation and internal dynamics.
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Time-reversal symmetry in Lindbladians
Here, we discuss a physical interpretation of the sym-
metry (6a) which reduces to the usual Hermitian time-
reversal symmetry in the dissipation-free limit. We will
show that this system naturally arises when the Lind-
bladian describes a system whose microscopic Hamilto-
nian for the system and environment respects the Hermi-
tian time-reversal symmetry (5a). In doing so, we follow
the derivation of the Lindblad master equation found in
Ref. [37].
The starting point for this derivation is a (Hermitian)
Hamiltonian for the combined system and environment,
which together form an isolated system:
Hˆ = HˆS + HˆB + HˆSB (S1)
where HˆS acts on the system, HˆB acts on the bath, and
HˆSB couples the two, and is assumed to be weak. The
system-bath coupling can always be decomposed into m
channels according to
HˆSB =
m∑
α=1
Aˆα ⊗ Bˆα, (S2)
where Aˆα and Bˆα are operators acting on the system and
bath respectively. One can always demand that they are
separately Hermitian Aˆα = Aˆ
†
α, Bˆα = Bˆ
†
α. The Aˆα oper-
ators can be further decomposed in the energy eigenbasis
of HˆS . Specifically, Aˆα(ω) is defined as the component
of Aˆα which excites the system by an energy ω:
Aˆα(ω) =
∑
′−=ω
Pˆ ()AˆPˆ (′) (S3)
where Pˆ () is the projector onto the eigenspace of HˆS
with energy .
In the weak coupling regime, wherein the Born ap-
proximation can be applied, the system and bath can
be described by a factorized density matrix ρˆS(t) ⊗ ρˆB ,
where the bath density matrix is assumed to be station-
ary [ρˆB , HˆB ] = 0. The bath correlation functions can
then be defined as
Γαβ(t) :=
〈
Bˆα(t)
†Bˆβ(0)
〉
≡ Tr
(
Bˆα(t)
†Bˆβ(0)ρˆB
)
,
(S4)
where the time evolution is calculated using HˆB only.
This in turn gives the bath spectral functions
γαβ(ω) =
∫ +∞
−∞
dt eiωtΓαβ(t). (S5)
With these quantities defined, a standard derivation
yields a non-diagonal form for the Lindblad master equa-
tion [37]
Lρˆ = [HˆS + HˆLS , ρˆ] + i
∑
αβ
∑
ω
γαβ(ω)
[
Aˆβ(ω)ρˆSAˆα(ω)
†
− 1
2
{
Aˆα(ω)
†Aˆβ(ω), ρˆS
}]
, (S6)
where HˆLS is the Lamb shift – a renormalization of the
system Hamiltonian by the action of the bath. The above
can be written in the standard form (1) by diagonalizing
γαβ(ω) at each omega.
We now insist that the microscopic Hamiltonian (S1)
respects a (second quantized) time-reversal symmetry
UˆSUˆBHˆ
∗Uˆ†BUˆ
†
S = Hˆ. Here, UˆS and UˆB are unitary ma-
trices acting on the system and bath degrees of freedom,
respectively. In a fermionic system, these operators sat-
isfy UˆSUˆ
∗
S = (±1)PˆF , where PˆF is the fermion parity
operator, and the choice ±1 correspond to integer (+1)
and half-integer (−1) spins [38]. We will find that this
symmetry imposes constraints on the resulting form of
the Lindbladian, which in quadratic form ensures that
the non-hermitian time-reversal symmetry (6a) is satis-
fied.
In terms of the decomposition (S2), the sufficient and
neccesary conditions for HˆSB to be time-reversal sym-
metric are
UˆSAˆ
∗
αUˆ
†
S = e
iθαAˆα
UˆBBˆ
∗
αUˆ
†
B = e
−iθαBˆα (S7)
where θα is a phase, which is constrained to be 0 or pi by
the Hermiticity of Aˆα and Bˆα. Thus Aˆα and Bˆα must be
both odd or both even under TRS. Furthermore, given
that HˆS and HˆB are also time-reversal symmetric, we
have the same relations for Aˆα(ω) and Bˆα(ω).
When (S7) is satisfied, the bath correlation function
acquires a symmetry
Γαβ(t) = Tr
(
Bˆα(t)
†Bˆβ(0)ρˆB
)
= Tr
(
Bˆα(t)
T Bˆβ(0)
∗ρˆ∗B
)∗
= ei(θβ−θα) Tr
(
Uˆ†BBˆα(−t)†UˆBUˆ†BBˆβ(0)UˆBUˆ†B ρˆBUˆB
)∗
= ei(θβ−θα) Tr
(
Bˆα(−t)†Bˆβ(0)ρˆB
)∗
= ei(θβ−θα) Tr
(
ρˆBBˆβ(0)
†Bˆα(−t)
)
≡ ei(θβ−θα)Γβα(t), (S8)
7which supplements the Hermiticity condition Γαβ(t) =
Γβα(−t)∗. The spectral function γαβ(ω) is then a Her-
mitian positive semi-definite m ×m matrix constrained
by
Λγ(ω)∗Λ = γ(ω) (S9)
where Λ is a diagonal matrix with elements eiθα and we
have suppressed the channel indices α, β. At each energy
ω, one can define m jump operators Lˆµ which take the
form
Lˆµ =
√
κµ
∑
α
uαµAˆα(ω), (S10)
where uµ is an eigenvector with components u
α
µ satisfy-
ing γ(ω)uµ = κµuµ, with κµ the real, non-negative eigen-
value. We consider the action of the TRS operation on
the jump operators, namely
UˆSLˆ
∗
µUˆ
†
S =
√
κµ
∑
α
(uαµ)
∗UˆSAˆα(ω)∗Uˆ
†
S
=
√
κµ
∑
α
eiθα(uαµ)
∗Aˆα(ω). (S11)
The symmetry condition on the bath spectral functions
(S9) implies that the eigenvectors satisfy Λu∗µ = uµ, and
so we find that the jump operators must satisfy
UˆSLˆ
∗
µUˆ
†
S = Lˆµ. (S12)
Now, the jump operators are assumed to be linear in the
fermionic operators according to (2). The action of TRS
on the Majorana operators determines the first quatized
symmetry operator UT (which is a 2N × 2N matrix) via
UˆSαˆ
∗
j Uˆ
†
S =
∑2N
k=1(UT )jkαˆk [38], and so we find that the
coefficients lµ,j must satisfy∑
k
(UT )jkl
∗
µ,k = lµ,j . (S13)
In a similar way, one can also verify that the Lamb
shift HˆLS induces a quadratic correction to the sys-
tem Hamiltonian, such that the Hamiltonian part of
the Lindbladian respects the first quantized Hermitian
TRS (5a). Combining these results, using the definition
Z = H+i ReM , one finds that UTZ
TU†T = Z, as desired.
We therefore see that the non-Hermitian time-reversal
symmetry (6a) is satisfied in systems where the micro-
scopic Hamiltonian for the system and bath, which is
itself isolated, respects a Hermitian TRS. Note, however,
that the system still propagates irreversably. The above
is a sufficient but not necessary condition for (6a) to
be satisfied. This is because Z is independent of the
imaginary part of M , which does not affect the spectrum
of the Lindbladian. One could in principle construct
a system in which Z satisfies the non-Hermitian TRS,
but the imaginary part of M is chosen such that the
condition (S13) is violated. However, we expect that
such a scenario would require fine-tuning, and therefore
does not represent a generic symmetry condition.
Independence of spectral and steady-state properties
In this section, we demonstrate that the robust spectral
features of quadratic Lindbladians discussed in the main
text are independent of properties of the steady state,
the latter of which was the subject of study in Refs. [20–
23]. Specifically, we show that any system with some
topological features in its spectrum can be continuously
deformed to a system with the same spectrum, but a
trivial (infinite temperature) steady state, while at all
times maintaining the relevant spectral gaps, symmetries,
and locality of the equations of motion.
In a quadratic system, the steady state density matrix
can be completely characterized by its two point correla-
tion functions
Γij :=
1
4i
[Tr (αˆiαˆj ρˆSS)− δij ] . (S14)
With the Lindbladian written in the form (3), this cor-
relation matrix is determined by the Sylvester equation
[18]
ZTΓ + ΓZ = i Im[M ] (S15)
where Z = H + i ReM . We assume that all eigenvalues
of Z have a non-zero imaginary part, which implies that
the solution to (S15) is unique, and that the topological
properties of the steady state are well-defined [20].
Our aim is to construct a continuous path of quadratic
Lindbladians parametrized by s ∈ [0, 1] which interpo-
lates between the physical system at s = 0, and a system
with the same spectrum (and therefore the same robust
spectral features), but a trivial steady state at s = 1.
Because the space of physical generators Z obeys a com-
plicated set of constraints which enforce positivity, we
choose to define this path at the level of the Hamiltonian
Hi,j and the jump operators lµ,i, which are constrained
only by the relevant symmetries (6).
We find it useful to separate out the real and imaginary
parts of lµ,i into two independent matrices as
(A)µi = Re[`µ,i], (B)µi = Im[`µ,i]. (S16)
Without loss of generality, we take the number of inde-
pendent channels {µ} to be 2N , since any linearly depen-
dent set of jump operators can be reduced to a linearly
independent set without changing the equations of mo-
tion [37]. We then have A and B square, with
Z = H +
i
2
(
ATA+BTB
)
. (S17)
8Our strategy is to deform the system by adiabatically
turning off B, whilst adjusting A so that Z (which de-
termines the spectrum of the Lindbladian) is constant
throughout. At the end of the evolution, we will have
Im[M ] = ATB−BTA = 0, such that the unique solution
to the steady state equation (S15) is Γ = 0, which corre-
sponds to a trivial infinite temperature state ρˆ ∝ 1. We
start by defining B(s) throughout the evolution as
B(s) = (1− s)B (S18)
which interpolates between B(s = 0) = B and B(s =
1) = 0. Now we adjust A to compensate in a way that
ensures Z(s) = H(s) + i(A(s)TA(s) + B(s)TB(s))/2 is
constant and equal to the physical Z(s) = Z(s = 0) = Z.
This means that H can remain independent of s, and
A(s) must satisfy the equation
A(s)TA(s) = ATA+BTB −BTB(1− s)2
= ATA+ [s(2− s)]BTB. (S19)
Now ATA and BTB are necessarily real, symmetric
positive semi-definite matrices, and the factor s(2− s) is
non-negative for 0 ≤ s ≤ 1. This means that the right-
hand side of (S19) is also a real, symmetric positive semi-
definite matrix, and thus can indeed be represented in the
form A(s)TA(s). The solution A(s) is not unique, since
it can be left multiplied with an arbitrary orthogonal
matrix.
In order for topological properties to be robust, the
dissipators Lˆµ must be local throughout the deformation.
This implies that the solution A(s) must be chosen such
that its rows have components which are spatially local-
ized. Specifically, for all µ, A(s)µj must decay sufficiently
quickly with j away from some site jµ (strictly faster
than |j − jµ|−d in spatial dimension d [39]). The same
locality condition holds at s = 0 for the physical system,
and thus (ATA)jk and (B
TB)jk have components that
decay equally quickly with |j − k|. This means that a
sufficiently local solution A(s) of Eq. (S19) can always
be found. For example, one can verify that the standard
Choleskey decomposition of (S19) gives a solution A(s)
with the same locality properties as A. From this local
upper-diagonal solution, A(s) can be further rotated by a
locality-preserving orthogonal matrix A(s) → Q(s)A(s)
(Q(s)TQ(s) = 1), chosen such that the deformation is
contiunous in s.
With this form of A(s) and B(s), we choose a con-
stant Hamiltonian H(s) = H. Together, this ensures
that Z(s) remains independent of s throughout the evo-
lution, so that the symmetries and spectral properties
of the Lindbladian are preserved throughout, while the
steady state gradually evolves into one with a covariance
matrix Γ = 0.
In conclusion, we have defined a deformation proce-
dure which preserves the necessary symmetry and local-
ity properties, and interpolates between the physical sys-
tem and one with B = 0, whilst keeping the matrix Z
(and consequently its spectrum) constant throughout. At
the end of the deformation s = 1, we have Im[M ] = 0 and
therefore the only solution to the steady-state equation
(S15) is Γ = 0 (the infinite temperature state ρˆSS ∝ 1)
which is trivial. We conclude that it is always possible
to interpolate between the physical steady state and a
trivial one without changing any of the features of the
spectrum. Therefore topological edge modes in the spec-
trum can be supported without any topological features
in the steady state.
